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tion, are, as is well known, remarkable. So much so, that these 
organisms have been claimed by botanists as members of the vege¬ 
table, and by zoologists as belonging to the animal kingdom. The 
preponderance of evidence is decidedly in favour of their vegetable 
nature; but, be this as it may, they must all be classed together,—- 
they form a perfectly natural family. Hence we have a strong argu¬ 
ment in favour of the markings upon their valves being identical, 
and as these are evidently depressions in the genera and species with 
coarsely marked valves ( Isthmia , &c.), we should expect from ana¬ 
logy that the same would apply to those with finer markings. And 
this view receives further support, from the fact, that under varied 
methods of illumination, corresponding appearances are presented 
by the markings when viewed by the microscope, from those which 
are very large, as in Isthmia, through those of moderate and small 
size, as in the species of Coscinodiscus, down to those in which 
they are extremely minute, as in the species of Gyrosigma , &c. The 
angular (triangular or quadrangular) appearance assumed by the 
markings, arises from the light transmitted through the valves being 
unequally oblique. This may be readily shown in the more coarsely 
marked valves ( Isthmia, Coscinodiscus), which present the true 
structural appearance when the light is reflected by the mirror in 
its ordinary position, and the spurious angular appearance when the 
light is rendered oblique by moving the mirror to one side. 


II. “ Researches on the Theory of Invariants.” By William 
Spottiswqode, M.A., F.R.S. Received December 20, 
1854. 

Invariants may be regarded from two points of view, the permu- 
tational and the functional. According to the former they are con¬ 
sidered as arising from a process of permutation, according to the 
latter as derivatives from other functions. In this paper the latter 
course is adopted ; and the following is an outline of the method 
Let U~f(x, y, .. 

be any homogeneous function of the degree n of the variables 
x, y, in which a a ^ , .. multiplied by their respective mul- 
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tinomial coefficients are the coefficients of x a .., x a ' y ^'.., .. Let 
y, .. undergo any linear transformation, and let l, m, ,.,V ,m\ 
be the coefficients of transformation ; also let 


A = 


l m .. 
V m! .. 


± + . 

at dm 

>'=/"4+w”A+- 

dl dm 


let a a/3 , a aA , .. be the new values of a a(S , a a ^ , also let 

_ 7 d . d , 

V -r+ m t-+*‘ 

ay 

dx dy 


then, it une facteur pres, 




a a/ 3 .. 

=vV ? .. 

and 




^ a a/ 3 .. 

, *v. 


rf v. 

dtt(x,Pi.. 


will be respectively equal to the combinations of l, m, .. I 1 , m\ .., ,, 
by which the as are multiplied in a a/3 . Again, let /' represent a 
function similar to f y excepting that in the former the multinomial 
coefficients are dropped ; then if 


n 5 


o.. - 


da a 




|> W - a |>^ .. 


da 


'«/£/• • 


■") 


Now the fundamental condition of invariance is expressed by the 
following equation 


A q F(a ai3 .., a« /i3/ .., .F(a ai e.., a« A .., 
~F(a a/ 3,. n a/3 .., a a ,p,.. □ «,£,..» 
where U~F(a^.., a« /|3/ .., ..)* 
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and the problem consists in determining the coefficients of U. This 
gives 

mn 

A 9 0/3..\ aT/3,7?', ..)= . ..U, 

the quantity within brackets being the coefficient of 

mn 

Then if the term be selected in which i— ^=.. = 1, and if A 91 be 
so transformed that it shall appear as a function linear in each of 
the systerns 

— (OQ), =(01).. 

fa*'' 3 '-.:, =(10), =(11) .. 

dtty.fi.. dCLyfi'' . 


and if + 

d d 

aA ..n=«^.._+« aA .._ + .. 


then «/ 3 . . n « /j8/ .. n .. □ «£. . n « //3/ .. . . = 1 

and U will be at once given by the equation 

mn 

U=(a/37., 0^77, . 0 ^.. n a , 3/ .. n..A ? . 

This method has been applied in the case of two variables to the 
calculation of quadratic and cubic invariants. 

But in the case of two variables the coefficient a may be expressed 
by a series of symbols with a single suffix, thus ; 

• • a 0 , a, do* f-J 

Now since A is of the same degree in l, m, and in V , m f , the coeffi¬ 
cients of all powers and products of a 0 , a,, .. in which the degree of 
l y m is above or below that of V, m\ will vanish in the invariant. And 
from this and some other considerations it is shown, that not only 

mn 

n“U=0, t> n”U=0, .. >T -1 n“U=0, 

but that the coefficients of the invariant may be calculated from the 
equations arising from equating to zero each term of the last equa- 
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tion above written, operated upon by the symbol [>. This always 
gives a system of linear equations for finally determining the coeffi¬ 
cients. It does not appear possible fully to explain this method 
without entering into more details than can be given in an abstract. 

From the general equations for so determining the coefficients, the 
number and degrees of the distinct invariants belonging to any given 
function may theoretically be determined; and this has been done 
for the simplest case, viz. quadratic functions. But the expressions 
for higher degrees appear so complicated that an answer to this im¬ 
portant question can hardly be expected from this method, in any 
case not already known. 

The view of invariants here taken has suggested a series of other 
functions of which invariants form the last term. These functions, 
which I propose to call Variants, may be thus expressed. If 
functions of the degrees r, s, .. (r, s , .. being less than n ) have in¬ 
variants of the degree m, then writing 



A 2 F^d\), 1 9 / a 0 , .. S^a 0 ^=F m , o 

of which the last is a simple invariant, since, omitting the factor 
n(n— 1)..2.1, 

^ ao=#o> ^ ao .. ^ &o=z(in* 

n ' ' 

With the exact relation between these functions and covariants I 
am not at present acquainted. 
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